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Abstract. We develop a theory of spin-dependent phenomena in the streaming
regime characterized by ballistic acceleration of electrons in the moderate electric
field until they achieve the optical phonon energy and abruptly emit the phonons.
It is shown that the Dyakonov-Perel spin relaxation is drastically modified in this
regime, the current-induced spin orientation remarkably increases, reaches a high value
≈ 2 % in the electric field ∼ 1 kV/cm and falls with the further increase in the field.
The spin polarization enhancement is caused by squeezing of the electron momentum
distribution in the direction of drift. We also predict field-induced oscillatory dynamics
of spin polarization of the photocarriers excited into the conduction band by a short
circularly-polarized optical pulse.
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1. Introduction
The orientation of electronic spins in semiconductors by electrical means along with
the possibility to convert the electron spin polarization into an electric signal are the
focus of active research and motivate studies in several directions. A lot of efforts are
aimed at realizing the electrical spin injection from a ferromagnetic metal contact into a
semiconductor [1, 2, 3]. The second field of research concerns mutual transformation of
charge and spin currents and the spin accumulation at the sample edges [4]. The third
possibility of coupling between spin and electric current, without magnetic materials
and role of the sample edges, arises in noncentrosymmetric systems allowing the spin-
orbit interaction linear in the electron wave vector [5]. The effect of spin orientation of
free carriers by a passage of electric current was first predicted for gyrotropic crystals [6]
and observed in bulk tellurium as a current-induced optical activity [7], see also [8], and
strained InGaAs epitaxial layers [9]. The theory was extended on two-dimensional (2D)
systems lacking a center of inversion [10, 11, 12, 13] and experimentally proved [14, 15],
see also Chap. 9 in the book [4], Ref. [16] and references therein. Summarizing the
theoretical consideration, the spin polarization s (per particle) created by the electric-
current flow can in general be estimated as
s = c
βso
v
pdr
p
, (1)
where c is a dimensionless coefficient of the order of unity, v and p are the root-
mean-squares of the group velocity and the quasimomentum referred to the extremum
point in the Brillouin zone, pdr is the electron drift momentum in the electric field
E , and βso is a coefficient (in units of velocity) relating the spin-orbit energy with
the electron quasimomentum. A value of the induced spin s can be increased by
increasing the ratios βso/v and (or) pdr/p. The first ratio is large and has an order
of unity in strongly spin-orbit coupled systems, like p-type bulk Te, the (111) surface of
topological insulator Bi2Se3 [16, 17, 18] and new classes of noncentrosymmetric systems
that emerged recently [19]. However, in this case the spin is tightly bound to the
quasimomentum and loses the degree of freedom.
In conventional semiconductor 2D systems with a weak spin-orbit coupling, like
GaAs- or InAs-based heterostructures, and for comparatively weak fields E  1 kV/cm,
each of the two ratios are smaller than 0.1 resulting in a value of s ∼ 0.1%. This
linear dependence of the induced spin on the electric field is presented by curve 1 in
Fig. 1 for a degenerate electron gas with the typical parameters: h¯βso = 7 meV·A˚, the
transport scattering time pdr/eE = 10−11 s, the electron effective mass m = 0.07m0
(m0 is the free-electron mass), and 2D concentration N = 10
11 cm−2. In such a
system the current-induced spin can be increased only via the second ratio, pdr/p. An
application of the increasing field leads to a transformation from the linear dependence
of drift momentum upon E to saturation. If the interparticle collisions play a minor
role in the kinetics, the electron momentum-space distribution in strong electric fields
becomes extremely anisotropic, or as they say, streaming-like. Each electron accelerates
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Figure 1. Dependence of the induced spin on the electric field. Curve 1 is calculated
in the limit of weak fields, Eq. (1); the dotted curve 2 is an intuitive extrapolation of
Eq. (1) for the increasing electric field; curve 3 presents the result of calculation in the
streaming regime.
quasiballistically in the “passive” region until reaching the optical-phonon energy h¯ω0
and the quasimomentum p0 =
√
2mh¯ω0. Then it loses its energy by emitting an optical
phonon and starts the next period of acceleration. Neglecting spin effects, the streaming
distribution has been analyzed for the three-dimensional (3D) plasma [20, 21, 22] as well
as for 2D electron gas [23, 24, 25, 26]. It is obvious that in this case the ratio pdr/p lies
in the range of 0.5. A naive extrapolation of Eq. (1) for the moderate electric fields is
shown by the dashed curve 2 in Fig. 1. However, in this work we argue that the spin
reaches a value remarkably larger than ∼ βsom/p given by Eq. (1) for p ∼ p0. We will
show that, actually, in this case the generated spin can be estimated by
s = −βsom
6eEτ , (2)
where e is an electron charge and τ is the optical phonon emission time in the “active”
energy region. An explicit behavior of the spin orientation in the streaming regime is
shown by curve 3 in Fig. 1 for the same value h¯βso = 7 meV·A˚. One can see that the
spin polarization is saturated at the high value s ∼ 2% in the fields E ≥ 0.1 kV/cm. At
the higher fields the spin slightly decreases.
In the present work we develop a theory of spin orientation by the electric current in
the streaming regime. Simultaneously we theoretically study relaxation and dynamics
of the electronic spin polarization in this regime. The paper is organized as follows. In
Sec. 2, we summarize the spin-independent theory of the streaming-like transport. In
Sec. 3, we propose a theory of spin-dependent high-field transport. Sections 4 and 5 are
devoted to the spin orientation by electric field. In Sec. 6 we discuss the related aspects
of the spin-dependent streaming and conclude the paper.
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2. Spin-independent streaming regime
In the streaming regime realized in an appropriate range of the dc electric field, the
electron distribution in the momentum space has a steaming-like, or needle-like, form
spread between the Γ-point p = 0 and the point p0 = p0eˆ, where eˆ is the unit vector
in the direction opposite to the electric field E . The formation of such an anisotropic
electron distribution requires the following hierarchy of times
τ  ttr  τp, τee . (3)
Here τ is the time of optical phonon emission by an electron in the active energy
region, ttr = p0/|eE| is the travel time through the passive region of the momentum
space, τp is the momentum relaxation time due to electron scattering by acoustic
phonons or static imperfections, and τee is the electron-electron collision time. The
electron-electron scattering tends to convert the anisotropic distribution to the shifted
Maxwellian distribution with an effective electron temperature and a drift velocity
pdr/m. The corresponding time can be estimated by τ
−1
ee ∼ (e2/κ)2N/(h¯2ω0), where
N is the electron 2D density and κ is the dielectric constant.
Before proceeding with the spin orientation by the electric current in a strong
electric field we remind the main steps in description of the spin-independent streaming
distribution [21]. We assume the electric field E to be directed antiparallel to the in-plane
axis x and satisfy the inequalities (3). The two regions are selected in the momentum
space, namely, passive with p ≡ |p| < p0 and active with p > p0 and positive px.
The electron distribution function fp defined within the passive and active regions is
indicated by fpp and f
a
p , respectively. The kinetic equation for fp breaks up into the two
equations
eE ∂f
a
p
∂px
= −f
a
p
τ
, eE ∂f
p
p
∂px
=
∑
p′
Wpp′f
a
p′ . (4)
Here Wpp′ is the probability rate for the longitudinal-optical (LO) phonon emission in
the electron transition p′ → p, with p′ > p0; it is given by Fermi’s golden rule
Wpp′ =
2pi
h¯
∑
qz
|Mpp′(qz)|2 δ (Ep − Ep′ + h¯ω0) , (5)
where Ep is the electron energy p
2/2m, τ is the inverse total emission rate
∑
p
Wpp′ , it also
enters the inequality (3), Mpp′(qz) is the matrix element for emission of the LO phonon
with the in-plane wave vector q‖ = (p′ − p)/h¯ and the vertical component qz. In bulk
zinc-blende-lattice semiconductors, one has for the Fro¨hlich electron-phonon interaction
M
(3D)
pp′ = ih¯CF/
(√
V |p− p′|
)
, where CF is the polar-optical interaction constant [27], V
is the crystal volume and p,p′ are the 3D electron quasimomenta. In a quantum well,
the Fro¨hlich coupling is renormalized as follows
Mpp′(qz) =
iCF√
V
(
q2‖ + q2z
)
∞∫
−∞
dzeiqzzϕ2(z) , (6)
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where ϕ(z) is the electron size-quantized envelope wavefunction. After the summation
over qz one obtains
1
τ
=
mC2F
2h¯3q‖
∞∫
−∞
dz
∞∫
−∞
dz′e−q‖|z−z
′|ϕ2(z)ϕ2(z′) . (7)
The two branches of the distribution function found by solving the first and second
equations (4) are sewed at the circle |p| = p0 by the continuity boundary condition
fpp|p=p0 = fap |p=p0 . The solution normalized to the 2D concentration N reduces to [23]
fpp = f0exp
(
−α
2
p2y
p20
)
θ˜ (px) , (8)
fap = f0exp
(
−α
2
p2y
p20
)
exp
(
−αpx − p0x
p0
)
,
where α = p0/|eE|τ , θ˜ (px) =
[
1 + erf
(√
α/2px/p0
)]
/2, f0 = N
√
2piα pih¯2/p20, and
p0x =
√
p20 − p2y. Note that, strictly speaking, in the second equation (12) of Ref. [23]
the difference kx − k0 = (px − p0)/h¯ should be replaced by kx − k0x with k0x equal to√
k20 − k2y rather than merely k0. One can see from Eq. (8) that the penetration δpx into
the active region and the width 2δpy of the distribution in the transverse direction py
are given by δpx = p0/α and δpy = p0/
√
α. Thus, the needle-like distribution is formed
provided α 1 which establishes the upper limit for the electric field strength. In this
case the function θ˜ (px) can be approximated by the Heaviside function θ(px) and p0x
by p0 − (p2y/2p0). It is also worth to mention that the relative number of particles in
the active and passive regions given by Na/Np ≈ Na/N ≈ α−1 coincides with the ratio
τ/ttr of the times spend by electrons in these regions.
Let us present estimations of the characteristic times for GaAs-based structures
where m = 0.067m0, h¯ω0 = 36 meV, p0/h¯ = 2.8 × 106 cm−1, and τ = 10−13 s. In this
case the condition α 1, or equivalently p0/τ  |eE|, is met if E  16 kV/cm. On the
other hand, the condition ttr  τp with a typical value τp = 10−11 s of the momentum
relaxation time requires E > 0.1 kV/cm. In the field E = 0.5 kV/cm one has α = 33,
δpx/p0 ∼ 0.03, δpy/p0 ∼ 0.2, and the travel time ttr = ατ = 3.3× 10−12 s is longer than
τ but shorter than τp. For the time τee we obtain an estimation ∼ (2 ps)/(N/1011 cm−2)
which means that the condition ttr  τee is satisfied at N < 1011 cm−2 similarly
to GaN-based structures [24]. Another restriction on the density N is imposed from
the requirement fp  1 which allows to exclude the Pauli blocking of the electron
acceleration in the passive region. This requirement is equivalent to the inequality
N  Nmax, where Nmax is the number of states in the needle, i.e., in the rectangular
area of the 2D quasimomentum space with the sides p0 and 2δpy. It is also met for
N  1011 cm−2. Note that in the experiment [28] the above conditions are not fulfilled.
3. Spin-dependent kinetic theory
The spin-dependent kinetic theory operates with the electron spin density matrix ρp
describing the electron distribution both in the quasi-momentum and spin spaces. This
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p-dependent 2×2 matrix may conveniently be presented as
ρp = fp + σ · Sp , (9)
where σα (α = x, y, z) are the Pauli spin matrices, the distribution function fp =
Tr{ρp}/2 is the average occupation of the two spin states with the same p, and
Sp = Tr{ρpσ/2} is the average spin of an electron occupying the point p of the quasi-
momentum space. The 2D electron concentration and spin polarization per particle are
given by N = 2
∑
p
fp, s =
∑
p
Sp/N . In addition to the parabolic term p
2/2m, we include
in the effective electron Hamiltonian the spin-dependent contribution
Hso(p) = βijσipj = (h¯/2)σ ·Ωp , (10)
where Ωp is a linear function of p. The role of cubic in p terms is analyzed in Sec. 6.
Bearing in mind both symmetric and asymmetric quantum-well structures grown along
the [001] crystallographic direction we take Ωp in the form of a 2D pseudovector with
the components
Ωp,x = 2βxypy/h¯ , Ωp,y = 2βyxpx/h¯ , (11)
where the in-plane axes x ‖ [11¯0], y ‖ [110] are used and the coefficients βxy, βyx have
the units of velocity.
The kinetic equation for the spin density matrix ρp in the presence of spin-orbit
interaction Hso(p) has been derived in Refs. [29, 30] for elastic momentum scattering.
Applying the similar approach for the dominant optical-phonon emission regime under
study we obtain the kinetic equation in the following form
eE ∂ρp
∂px
+
i
h¯
[Hso(p), ρp] = St{ρp} . (12)
Taking into account the spin-dependent contribution to the effective Hamiltonian the
collision term St{ρp} reads
2pi
h¯
∑
p′
|Mpp′ |2
[
{ρp′ , δ[Ep′ +Hso(p′)− Ep −Hso(p)− h¯ω0]}s − (p′ ↔ p)
]
.
Here the symbols [A,B] and {A,B}s mean, respectively, the commutator AB −BA
and the anticommutator (AB +BA)/2, and the term (p′ ↔ p) means the previous one
with the interchanged variables p′ and p. While deriving the collision term we ignored
the spin-flips under the optical phonon emission, their role is discussed in Sec. 6. The
contribution of spin-orbit Hamiltonians included in the δ-functions to observable effects
is determined by the quantum parameter βso/v which, in particular, enters Eq. (1). We
take this parameter in the first order of perturbation theory which, for the linear-p
dependence in Eq. (10), allows to approximate δ[Ep′ +Hso(p
′)−Ep −Hso(p)− h¯ω0] by
δ(Ep′ − Ep − h¯ω0) +m∂Hso(p)
∂pj
(
∂
∂pj
+
∂
∂p′j
)
δ(Ep′ − Ep − h¯ω0) . (13)
We can also use the convenient identity{
ρp,
∂Hso(p)
∂pj
}
s
= βij (σifp + Spi) .
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Now we can readily perform the anticommutation and reduce the matrix
equation (12) to a coupled set of the scalar equation for the distribution function fp and
the pseudovector equation for Sp
Ip
(
fp − h¯m
2
∂Ωpi
∂pj
∂Spi
∂pj
)
=
h¯m
2
∂Ωpi
∂pj
∂(Sp ×Ωp)i
∂pj
,
Ip
(
Sp − h¯m
2
∂Ωp
∂pj
∂fp
∂pj
)
+ Sp ×Ωp = 0 . (14)
Here the spin-independent relaxation operator Ip is defined by [31]
Ip(Φp) = eE ∂Φp
∂px
+
∑
p′
(Wp′pΦp −Wpp′Φp′) . (15)
Clearly, the kinetic equation (4) for the distribution function fp considered in the
previous section reduces to Ip (fp) = 0. While deriving Eqs. (14) it is taken into acount
that the matrix element of optical-phonon emission depends only on the difference p− p′
in which case the sum of two derivatives (∇p +∇p′)|Mpp′|2 vanishes.
4. Electrical spin orientation
In this Section we consider the collision-dominated spin dynamics realized for weak spin-
splittings satisfying the condition Ωpttr  1, i.e., for a small angle of spin rotation φ
that occurs during a single passage of the passive region, and ignore the spin rotation in
the active region during the shortest time τ , see Eq. (3). In this case the characteristic
times of spin precession and relaxation as well as the establishment time of field-induced
spin polarization are much longer than the travel time ttr. This allows one to search the
spin distribution Sp in the form
Sp = 2fps+ δS
(1)
p + δS
(2)
p , (16)
where s is the average spin per particle independent of p, and the two other terms are
corrections of the first and second order in Ωp vanishing after the summation over p. If
the electric field is directed along the x axis the system retains the mirror reflection plane
σv perpendicular to y. Since the unit 2×2 matrix and the Pauli matrix σy are invariant
and the Pauli matrices σx, σz change the sign under the σv operation, the functions fp,
Sp,y are even and Sp,x, Sp,z are odd with respect to this operation. Therefore, despite the
average x- and z-components of the spin corrections vanish, the average spin s induced
by the current is nonzero and polarized along the y axis.
While considering the time-dependent spin dynamics one should add into Eqs. (14)
the time derivatives ∂fp/∂t and ∂Sp/∂t. We take them into account only on a scale of
long times, namely, the time of spin relaxation. Summing the kinetic equation for Sp
over p and dividing the result by the electron concentration N we obtain the balance
equation for the nonzero average spin component
∂sy
∂t
+
1
N
∑
p
(Sp ×Ωp)y = 0 . (17)
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Substituting the expansion (16) into the sum we can rearrange Eq. (17) into
∂sy
∂t
+
sy
τsy
=
Gs
N
. (18)
Here Gs and τsy are the spin generation rate and relaxation time of the sy component
defined by
Gs = −
∑
p
(
δS(2)p ×Ωp
)
y
= −∑
p
Ωp,xδS
(2)
p,z , (19)
sy
τsy
=
1
N
∑
p
(
δS(1)p ×Ωp
)
y
=
1
N
∑
p
Ωp,xδS
(1)
p,z . (20)
According to the second equation (14) we can present the first-order correction as
a sum of
δS(1a)p =
h¯m
2
∂Ωp
∂pj
∂fp
∂pj
(21)
and the correction δS(1b)p which satisfies the equation
eE ∂
∂px
δS(1b)p + 2fps×Ωp = 0 (22)
in the passive region. The collision term is neglectred here because it is determined by
the correction δS(1b)p in the active region which has an order of Ωpτ  Ωpttr  1. The
first term δS(1a)p makes no contribution to the spin relaxation rate, and we focus on the
second term δS(1b)p .
Let us introduce the 2D vector k = (kx, py) with an arbitrary x-component kx and
the y-component coinciding with that of the vector p. Then the solution of Eq. (22)
can be presented as
δS(1b)p,z = −
2
eE
px∫
−∞
dkxfk (s×Ωk)z = 2sy
pxΩpx
eE f0exp
(
−α
2
p2y
p20
)
. (23)
The substitution of this expression into Eq. (20) and summation over p result in
1
τsy
= 2τ
(
βxyp0
h¯
)2
. (24)
Now we turn to calculating the spin generation rate Gs. For large values of the
parameter α it suffices to find the second-order correction only in the passive region
where it satisfies the equation
eE ∂δS
(2)
p,z
∂px
+
(
δS(1a)p ×Ωp
)
z
= 0 (25)
with δS(1a)p defined by Eq. (21). The straigtforward integration leads to
δS(2)p,z =
mh¯
2eE
(
−Ωp,y ∂Ωp,x
∂py
∂f pp
∂py
px
2
+ Ωp,x
∂Ωp,y
∂px
fpp
)
(26)
which results in
Gs = −m
eE
h¯
2
∑
p
Ωp,y
(
∂Ωp,x
∂py
)2
px
2
+ Ω2p,x
∂Ωp,y
∂px
 fp . (27)
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Figure 2. Microscopic mechanism of spin orientation in the streaming regime. (a) The
distribution functions in the p space for electrons with the spin components sx = ±1/2
taking into account the spin splitting proportional to βxy. (b) The corresponding spin
x-component as a function of py at a fixed value of px. (c) The spin polarization along
the z axis arising due to the precession around the y axis with the frequency Ωp,y. The
arched arrows illustrate the precession of δS
(2)
z around the x axis with the frequency
Ωp,x yielding the nonzero average spin s ‖ y.
The second term should be ignored because it has an order of α−1  1 as compared to
the first one. Then we have for the spin generation
Gs = −mh¯N
24eE
(
∂Ωp,x
∂py
)2
Ωp0,yp0 . (28)
In the steady-state conditions, the spin polarization sy = Gsτsy/N reduces to
sy = −α
6
mβyx
p0
= −mβyx
6eEτ . (29)
This result exceeds the value mβyx/p0 expected from Eq. (1) by the factor α/6  1.
The enhancement of the spin polarization can be readily understood taking into account
that the spin generation rate Gs is proportional to ατ while the spin relaxation time
τsy ∝ τ−1 so that the product Gsτsy ∝ α.
The applied straightforward procedure resulting in Eq. (29) has allowed us to
obtain the numerical factor −1/6, trace the sequence of mathematical manipulations
and determine criteria for validity of the result. Now we give a qualitative interpretation
of the spin orientation by the electric current in the streaming regime bringing to light
the nature of this effect. Since the generation rate Gs is a third-order correction in
the perturbation theory we should successfully consider three stages of action of the
spin-orbit interaction on the electron spin.
At the first stage we make allowance only for the spin-orbit term (h¯/2)Ωp,xσx =
βxypyσx. It leads to the splitting of the 2D conduction subband into the two branches
Ep,±1/2 = Ep ± βxypy for the states with well-defined spin orientation ±1/2 along the
x axis. The p-dependence of Ep,±1/2 can be presented as a 2D parabolic function with
the minimum point shifted along the py axis by ∓mβxy. Since in this section we neglect
any spin-flip relaxation processes the streaming regime is independently established in
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each branch. The distribution function in the branch sx = ±1/2 is obtained from (8)
by shifting the argument p by the vector ±κ with κ = (0,mβxy), namely,
fpp,±1/2 = f
p
p±κ ≈ fpp ±mβxy
∂f pp
∂py
.
The streaming-like 2D electron distributions in the p space shifted along py axis
are schematically shown in Fig. 2a for a positive value of βxy. Thus, in the first-
order approximation the electrons are characterized by the spin polarization δS(1a)x =
mβxy ∂f
p
p/∂py coinciding with the correction (21) corresponding to j = y; it is depicted
in Fig. 2b for βxy > 0. The correction due to j = x, or due to Ωp,y, leading to the
second term in Eq. (27) can be neglected because as stated above the corresponding
contribution to the spin orientation has a small factor α−1.
At the second stage we switch in the precession of the spin δS(1a)x around the axis
y with the frequency Ωp,y. During a single field-driven passage of the electron through
the passive region the spin x-component rotates by the angle φy ∼ Ωp,yttr giving rise to
the spin z-component δS(2)z ∼ φyδS(1a)x . The appearance of this component is described
by the first term in Eq. (26).
The third stage overlaps with the second one and occurs during the same single
passage: the appearing z-component of the electron spin is further affected by the
procession frequency Ωp,x to rotate around the x axis by the angle φx ∼ Ωp,xttr, see
arched arrows in Fig. 2. As a result, the electron reaches the edge between the passive
and active regions getting the spin
δS(3)y ∼ φxδS(2)z ∼ φyφxδS(1a)x ∼ φyφxmβxy
∂f pp
∂py
.
This spin polarization income arises within the travel time ttr which means that the spin
generation rate can be estimated by Gs ∼ δS(3)y /ttr. Expressing δS(3) in terms of Ωp
and ttr and taking px ∼ p0, py ∼ p0/√α we finally get an estimation consistent with the
analytical results (28) and (29). It should be emphasized that neither δS(1a)x nor δS
(2)
z
yield a non-zero net spin polarization and eventually δS(3)y turns out to be nonzero after
averaging in the p space.
5. Remarkable spin-orbit splitting
The equation (29) for the electron spin induced by the electric current is derived
assuming small values of the elementary spin-precession angles φx and φy. In the
streaming regime this is acceptable for φx because, for α  1, the spread of the
electron distribution along the py axis is narrow and the angle Ωp0,xttr is small. As
for the angle Ωp0,yttr = 2βyxp0ttr/h¯, its values can be comparable with or exceed
unity. Indeed, in GaAs-based quantum-wells the linear-p coefficient can be estimated
by h¯βyx = 7 meV·A˚ [32] which corresponds to the spin splitting 2βyxp0 = 0.4 meV
and 2βyxp0ttr/h¯ ≈ 2 for ttr = 3.3×10−12 s. Since φx is small the equations (21), (22)
are applicable. However the spin correction δS(2)p should be calculated for an arbitrary
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value of Ωp,yttr. We search for the spin density Sp in the form (16) with δS
(1)
p =
mβxy(∂fp/∂py)eˆx, where eˆx is the unit vector in the x direction. According to the
general equation (14) the evolution of δS(2)p in the passive region is described by
eE ∂δS
(2)
p
∂px
+ δS(2)p ×Ωp + δS(1)p ×Ωp = 0 . (30)
As compared to Eq. (25) we take explicitly into account the precession of the vector
δS(2)p . In Eq. (30) we can neglect the small x-component of the precession frequency
Ωp because it is already contained in Eq. (19). Then the vector equation (30) reduces
to the two scalar equations
∂δS(2)p,x(u)
∂u
− δS(2)p,z(u) = 0 ,
∂δS(2)p,z(u)
∂u
+ δS(2)p,x(u) = −δS(1)p,x , (31)
where a new variable u = βyxp
2
x/eEh¯ is introduced instead of px. Taking into account
that (i) δS(1)p,x is independent of px in the passive region and (ii) δS
(2)
p = 0 at βyx = 0,
we obtain for the x and z spin density components
δS(2)p,x = −δS(1)p,x (1− cosu) , δS(2)p,z = −δS(1)p,x sinu. (32)
Note that δS(1)p,x is odd in py and, therefore, the both spin projections vanish after
the summation over p. As before, the substitution of δS(2)p,z into Eq. (19) yields the
generation of the spin y-component which is nonzero because the product Ωp,xδS
(2)
p,z is
an even function of py. Finding the generation rate Gs/N and myltiplying it by τs we
get
sy = − 1
4ω0τ
Si(ξ)
ξ
sign(βyx) , (33)
where ξ =
√
|Ωp0,y|ttr/pi = p0
√
2|βyx|/pih¯eE and Si stands for the Fresnel sine integral.
For small values of ξ the ratio Si(ξ)/ξ is approximated by piξ2/6 and Eq. (33) turns into
Eq. (29).
To demonstrate the effect of increasing spin rotation frequency Ωp0,y in the passive
region, in Fig. 3 we depicted the spin sy related to its value s
0
y = −mβyx/(6eEτ)
found at small values of this frequency. One can see that the electrically induced
spin is depolarized for Ωp0,yttr > pi/2 because the increasing spin-precession rate of
the accelerating electron results in a remarkable twisting of the spin similarly to the
Hanle effect. The interplay of electric-field effects on the travel time ttr = p0/eE and
the reference spin value s0y results in a maximum of sy as a function of E , as presented
by the curve 3 in Fig. 1.
6. Discussion and Conclusion
The spin-dependent linear-in-p Hamiltonian (10) arises due to both the Bulk- and
Structure-Inversion Asymmetries, in abbreviated form BIA and SIA, respectively [33,
34]. The BIA contribution follows from the cubic-in-p Hamiltonian averaged along
the quantization axis z, i.e., replacing pz and p
2
z by the average values 〈pz〉 = 0
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Figure 3. Dependence of the induced spin on the precession frequency. Values of sy
are related to the reference spin s0y = −mβyx/(6eEτ).
and 〈p2z〉 6= 0. For small electron energies, the remaining cubic contribution to the
Hamiltonian H(3)so (p) = γ(σx0px0p
2
y0
− σy0py0p2x0) can be ignored as compared to spin-
dependent effects governed by the linear-p Hamiltonian. Here x0 and y0 are the
crystallographic axes [100] and [010]. In the streaming regime, however, the electron
energy ranges between the conduction-band bottom and the optical-phonon energy and
is not small. The allowance for the cubic term results in the following generalized
equations for the spin relaxation time and current-induced spin polarization
1
τsy
= 2τ
[
p0
h¯
(
βxy − γp
2
0
6
)]2
, sy =
sy(γ = 0)
(1− λ/6)2
(
1 +
3∑
n=1
cnλ
n
)
, (34)
where sy(γ = 0) is the spin polarization in the absence the cubic spin-orbit splitting,
see Eq. (29), λ = γp20/βxy,
c1 =
3
10
(1− µ) , c2 = 1
28
(1− 3µ) , c3 = − 1
72
,
and µ = βxy/βyx. If the BIA contribution to the parameters βxy, βyx prevails they can
be estimated by −γ 〈p2z〉 ≈ −γ(pih¯/a)2, where a is the well thickness. In this case the
allowance for cubic-term contribution gives for a = 100 A˚ a decrease by 22% in τsy and
by 25% for sy.
The mechanism of current-to-spin effect considered up to now is based on the spin-
orbit splitting of the 2D conduction subband and the spin-independent electron-phonon
coupling: the spin generation rate Gs of the sy component is proportional to β
2
xyβyx, the
spin relaxation rate τ−1sy of this component is proportional to β
2
xy leading to sy ∝ βyx. We
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have also analyzed another mechanism due to (i) the βyxσypx spin-orbit coupling and
(ii) electron spin-flips in the LO-phonon emission. In this mechanism, Gs ∝ βyxλ2sf and
τsy ∝ λ−2sf where λsf is the spin-dependent electron–optical-phonon coupling constant. In
bulk semiconductors, for the Fro¨hlich polar-optical electron-phonon interaction and the
Elliott-Yafet mechanism of spin relaxation, the matrix element of the spin-flip phonon
emission in the process (p′, s′) → (p, s) + h¯ω0 can be written in the 2×2 matrix form
as [35]
Mˆpp′ =
ih¯CF√
V |p− p′| [1 + iλsfσ · (p× p
′)] , (35)
where the constant λsf = B(2A+B),
A =
P
3
3Eg + 2∆
Eg(Eg + ∆)
, B = −P
3
∆
Eg(Eg + ∆)
,
P is the Kane matrix element, Eg is the energy gap, and ∆ is the spin-orbit splitting of
the valence band. In 2D systems, the matrix element of the electron-phonon interaction
acquires the form [36]
Mˆpp′(qz) = Mpp′(qz)
{
1− iλsf h¯qz
2
[σx(py + p
′
y)− σy(px + p′x)]
}
,
where the spin-independent matrix element Mpp′(qz) is defined in Eq. (6). Using this
equation we have estimated the contribution of spin-flips to both the spin relaxation rate
τ−1sy and the spin generation rate Gs and found that they are much smaller as compared
with those calculated in Section 4.
All along the paper we fixed the attention on the behavior of the sy spin component
generated by the electron acceleration in the x direction. The relaxation of this
component in the streaming regime is described by the time τsy determined by Eq. (24).
In addition, this regime offers intriguing behavior of the nonequilibrium spin polarization
perpendicular to y due to precession caused by the electric field [37]. Indeed, let
at t = 0 a portion of spin-polarized photoelectrons be injected into the conduction-
subband bottom by a short optical circularly-polarized pulse. If the electrons are initially
polarized along the z axis, only the LO-phonon emission is taken into account in the
collision integral and the small precession frequency component Ωpx is neglected, then
the time-dependent spin-distribution function of the photoelectrons has the form
Sp(t) = 2f˜ps(t)p0δ
(
px − eEttr
{
t
ttr
})
.
Here f˜p is the function (8) normalized to the photoelectron density N˜ ,
sz(t) = s
(0)
z cos Φ(t) , sx(t) = s
(0)
z sin Φ(t) ,
s(0)z is the initial spin, and the phase Φ changes in time according to
Φ(t) = R
([
t
ttr
]
+
{
t
ttr
}2)
, (36)
with R being eEβyxt2tr/h¯ = βyxp20/eEh¯ and the symbols [x], {x} denoting, respectively,
the integer and fractional parts of x. If R is a rational part of 2pi the functions sz(t), sx(t)
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are periodic. For example, if R = 2pi/n with an integer n the period equals to nttr.
For irrational values of R/2pi, the variation sz,x(t) is aperiodic. Allowance for other
mechanisms of electron scattering and nonzero Ωpx leads to decay of the oscillation
amplitude. In the presence of a transverse magnetic field B ‖ y, the contribution
ΩBt = ΩBttr
([
t
ttr
]
+
{
t
ttr
})
should be added to (36), where ΩB is the Larmor angular frequency.
In conclusion, the spin-dependent streaming theory is developed for semiconductor
2D systems. The particular attention is payed to electron spin polarization induced
by a dc electric current in a quantum well. The mechanism of spin generation by the
current presumes spin-orbit splitting of the electron quantum-confined subbands. The
nonzero average spin polarization arises taking into account a spin-dependent quantum
correction to the collision integral and the following precession of this spin correction
around the effective magnetic field related to the spin-orbit Hamiltonian. The main
finding is a considerable enhancement of the spin orientation in the streaming regime
resulting in a few percent spin polarization. In case of the high spin-orbit coupling
strength, the spin polarization behaves non-monotonically as a function of the electric
field. In addition to effects of the linear spin-orbit coupling, we have analyzed the role of
spin-orbit Hamiltonian cubic in the electron momentum as well as Elliott-Yafet spin-flip
processes. It is also shown that the transient spin dynamics in the streaming regime is
very reach and presents many interesting phenomena including periodic oscillations of
the photocreated spin in time at particular values of the electric field.
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